Abstract. We consider a two parameter family of instantons, which is studied in [Sadun L., Comm. Math. Phys. 163 (1994), 257-291], invariant under the irreducible action of SU 2 on S 4 , but which are not globally defined. We will see that these instantons produce solutions to a one parameter family of Painlevé VI equations (P VI ) and we will give an explicit expression of the map between instantons and solutions to P VI . The solutions are algebraic only for that values of the parameters which correspond to the instantons that can be extended to all of S 4 . This work is a generalization of [Muñiz Manasliski R
Introduction
Yang-Mills instantons are anti-self-dual (or self-dual) connections over four-dimensional, orientable, Riemannian manifolds. They are absolute minima of the Yang-Mills functional
restricted to a fixed Chern number, where * is the Hodge operator. Instantons appear in many instances in mathematics and physics and since the work of Simon Donaldson we know that they are a fundamental tool in the study of the topology of four-dimensional manifolds. In [13] Kronheimer and Mrowka introduced a moduli space of instantons on a four manifold having certain type of singularity along an embedded surface. They are called instantons with holonomic singularity because they have non trivial asymptotic holonomy when we consider small circles around the surface. The goal in [13] was to study topological obstructions to the embedding of a surface into a four-dimensional manifold. This kind of instantons was first introduced by physicists [6] and they are also known as fractionally charged instantons since their second Chern number is not necessarily an integer. We consider instantons with holonomic singularities on S 4 which are invariant under an action of SU 2 and explore their relation with certain solutions to the famous Painlevé VI equation P VI . The relation between instantons and P VI has been extensively studied, see for example [16, 17, 24] . Painlevé VI equation is an ODE on the complex domain, depending on four complex parameters, and it is the most important second order equation having what is called the Painlevé property (that is, absence of movable critical singularities). Critical singularities of P VI can only be located at 0, 1 or ∞. This equation appears when isomonodromic deformations of certain connections are considered [8, 12] . Recently P VI has been interpreted as the simplest non abelian Gauss-Manin connection [2] . Typically solutions are "new" transcendental functions and to
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find them is a highly non trivial activity (general transcendental solutions have been obtained in [9] ). Nevertheless, for certain values of the parameters one can find "classical" [18, 23] or even algebraic solutions. One main problem was to find a list of the algebraic solutions to P VI analogous to the Schwartz's list for the hypergeometric equation [1, 7] , this is archived in [14] .
In [20] we studied symmetric instantons defined on all of S 4 . They form a countable family and the Painlevé equations related to them are all equivalent. By equivalent we mean that they are in the same orbit of the Okamoto affine Weyl group of type F 4 [2, 21] . Allowing instantons to have singularities we have a continuous family of non equivalent P VI equations. More precisely, for each real number θ we have the equation
For θ = 1 the solution corresponding to the non singular instanton is one of Hitchin's octahedral solutions [10, 11] . The above set of parameters lies on the intersection of three reflecting hyperplanes of the Weyl group. Being more precise, the Painlevé equation depends on four parameters (θ 1 , θ 2 , θ 3 , θ 4 ) and the reflections with respect to the planes θ 1 = 0, θ 2 = 0, θ 3 = 0, θ 4 = 1, θ i = 0 generate an affine Weyl group of type D 4 of symmetries. In our case θ 1 = θ 2 = θ 3 = θ 4 = θ/2, hence the one parameter family lies in the intersection of the three reflecting hyperplanes:
This family of parameters is equivalent to that considered by Dubrovin and Mazzoco in [7] ; in fact, parameters of the form (θ/2, θ/2, θ/2, θ/2) are in the same orbit (under the Weyl group) as (0, 0, 0, θ), and the parameter µ of [7] in terms of θ is µ = θ/2. The transformation relating both families of parameters is the so called Okamoto transformation and it is given by
Dubrovin and Mazzoco find all algebraic solutions considering a special class of solutions having a specific asymptotic behaviour around the critical points. It is said that a branch of a solution to P VI (θ) has critical behaviour of algebraic type in 0 if there exist 0 ∈ R, a 0 ∈ C and > 0 such that
Obviously, any algebraic function verifies this property with 0 rational. It is easy to see that the Okamoto transformation preserves this type of solutions, without changing 0 . As it is proved in [7, Theorem 2.1], for each nonresonant value of θ (i.e., θ / ∈ Z) there exists a solution to P VI (θ) with asymptotic behaviour prescribed by (1.1). Such a solution will also have critical behaviour of algebraic type at 1 and ∞, i.e., there exist (a 1 , 1 ) and (a ∞ , ∞ ) such that
For the solution to be algebraic the parameters i must be rational and satisfy 0 < i ≤ 1. In Section 3 we find an explicit expression for the solution to Painlevé's equation in terms of the invariant instanton, from which, using the previous facts, we show that solutions from Sadun's instantons [22] are not algebraic. A generalization of the Dubrovin-Mazzoco strategy can be found in [1] , where new explicit algebraic solutions were found the parameters of which lie in the interior of a fundamental domain. The same circle of ideas leads finally to the classification of all algebraic solutions in [14] .
In Section 2 we briefly describe the action of SU 2 on S 4 which is considered and we remember the explicit form of the reduced ASD equations for invariant instantons. In Section 3, which is the main part of the paper, using the relation between symmetric instantons and isomonodromic deformations we make the calculations to find an explicit expression for the solution of P VI in terms of the instanton. That is, we find the explicit form of the map from symmetric instantons to solutions of P VI . Section 4 is devoted to study the special case of instantons with holonomic singularity that were defined by Kronheimer and Mrowka and we compute the parameters of the corresponding P VI equations. Finally, in Section 5 we state the result of Sadun showing the existence of instantons of the kind studied in Section 4, and show that the corresponding solutions to P VI are not algebraic unless the instanton can be smoothly extended to all of the 4-sphere.
The action and some notations
Let us identify C 4 with the space of homogeneous polynomials of degree three, in two variables, and with complex coefficients
SU 2 acts as usual on the space of polynomials g · p(x, y) = p((x, y)ḡ), and this representation is quaternionic if we identify C 4 with H 2 through the map
viewing H 2 as a left H-module. Using the identification HP 1 ∼ = S 4 we obtain an action by isometries of SU 2 on S 4 such that S 4 / SU 2 ∼ = [0, 1]. The curve c(t) given by t → (1, 0, t, 0) composed with the quotient map C 4 → HP 1 parametrizes a great circle on S 4 and it is such that for 0 ≤ t ≤ 1 it intersects each orbit exactly once (the parametrization here is not geodesic unlike the usual parametrization in the literature). When t ∈ (0, 1) we have three-dimensional orbits and for t = 0, 1 the orbits are of dimension two (c(0) obviously has one-dimensional stabilizer, and it is not difficult to see that the real twistor line above c(1) has a point with one-dimensional stabilizer). The exceptional orbits are diffeomorphic to RP 2 and we denote them by RP + (t = 0) and RP − (t = 1). For more details and other descriptions of this action we refer to [3, 19, 20, 22] . Any invariant object on S 4 is determined by its restriction to the curve c(t).
By one-dimensional reduction, an invariant connection over the trivial complex vector bundle of rank 2, on an open set of three-dimensional orbits, is given by a function
where {X 1 , X 2 , X 3 } is the standard basis of su 2 and {σ 1 , σ 2 , σ 3 } is the corresponding dual basis. For the connection to be anti-self-dual (ASD) the triplet of functions a = (a 1 , a 2 , a 3 ) must satisfy the differential equations (see [4, p. 196] , [20, p. 1045 , equations (4.1)]):
and cyclic permutations, (2.1)
where
come from the fact that the basis is not orthonormal, e.g.,
The differences between expressions in [4] and [20] arise from the parametrization of the curve c(t); in [4] they use a geodesic parametrization, in [20] as here the parametrization is not geodesic.
Given an initial condition a(t 0 ) there exists a unique solution defined on an open interval containing t 0 . We are interested here mainly in solutions which are defined on all the open interval (0, 1).
Isomonodromic deformation
Twistor theory provides a way to see one-dimensional reductions of symmetric instantons as solutions to the Painlevé equation. Remember that the twistor space of a real antiself-dual (ASD) 4-manifold M is a complex 3-manifold Z, which is a CP 1 -fiber bundle over M (the fibers are called "real twistor lines"). The pull-back to Z of any instanton over M determines a holomorphic vector bundle on Z (this is called the "twistor transform" of the instanton).
Looking at the action described in the previous section and taking twistor transform, each ASD invariant connection on an SU 2 -bundle over an interval of three-dimensional orbits induces an isomonodromic deformation of connections on CP 1 having four simple poles [10, 20] . Each instanton defines a holomorphic vector bundle and the action can be used to define a holomorphic flat connection there, in such a way that horizontal sections are essentially given by the orbits of the action. The holomorphic connection is defined except on certain anticanonical divisor Y ⊂ CP 3 which intersects each real twistor line in four points, therefore the restriction to each line gives a holomorphic connection on CP 1 with four singularities. These connections on CP 1 are given by the 1-form (λ is the variable on the line)
where the α i (t, λ) are defined by the inverse of the complexified infinitesimal action
Remember that the infinitesimal action is the map α : CP 3 × su 2 → T CP 3 obtained as the derivative of the SU 2 -action, and its complexification (which we denote by the same letter) is the map α : CP 3 × sl 2 (C) → T C CP 3 which is of rank three, and can therefore be inverted at each point in CP 3 \ Y . As it is known from general facts about isomonodromic deformations, the square of the residue of A(t, λ) at each pole has constant trace in the deformation. This gives us a conserved quantity for equations (2.1):
Proposition 3.1. Equations (2.1) have a conserved quantity given by
Proof . Choose a pole, say λ 0 , and call α i,0 (t) the residue of α i (t, λ) at it. Then we have
Taking derivative with respect to t we have
and using the ASD equations (2.1)
As the above equation is true for any solution of (2.1), choosing for example the one with a 2 = a 3 = 0, we obtain that the residue α 1,0 has to satisfẏ
and similarly for i = 2, 3. Then, we must also have
Moreover, since for the solution a 1 = a 2 = a 3 ≡ 1 the flat connection is A = α −1 we know (see [10] ) that tr A 2 0 (t) = The last three equations completely determine the α i,0 (t) 2 , and they are given by
.
As a consequence, the functions α i,0 (t) 2 are independent of the pole chosen (fact already known), or in other words
t)) be the above constant; observe that tr(A 2 0 (t)) is real but not necessarily positive, and so θ may be imaginary. Then, the eigenvalues of A i are ± 1 4 θ. This kind of isomonodromic deformation is a known dress of the VI Painlevé equation [12] . Given a solution to P VI we can construct the matrices A i 's and viceversa. If we start with the matrix A(t; λ), then for each value x of the cross ratio of the four poles there is a unique point y(x) ∈ CP 1 \{0, 1, x, ∞} such that A(x; y(x)) has a common eigenvector with the residue at infinity (corresponding to one of the eigenvalues). As Jimbo and Miwa showed y(x) is a solution to P VI . In terms of θ the parameters (α, β, γ, δ) of P VI are given by
Denoting by P t the real twistor line corresponding to the point c(t) we have
(in homogeneous coordinates), see [20] . Then, the cross ratio in our situation is
Since the A i 's are determined by the solution to P VI , so are the a i 's. Following [12] (see also [15] ), let y(x) be the solution to the Painlevé equation. By writing z(x) = 4A(x; y(x)) 11 , one haṡ
From this expression, and after some computations, we can see that the functions a i 's are given by the following formulas
5)
Reciprocally, it is not difficult, from the above equations, to find an explicit expression for y in terms of a 1 , a 2 , a 3 . By eliminatingẏ from the above equations, and after some elementary manipulations of the formulas we find: Theorem 3.2. To each equivariant ASD instanton determined by (a 1 , a 2 , a 3 ) , with two of the a i 's not identically zero, there corresponds a solution y(x) to the Painlevé VI equation given by
The corresponding parameters of P VI are determined by Proposition 3.1.
Proof . Substracting (3.4) from (3.5) we obtain
Now, using (3.1)-(3.3) we can find w 2 1 , w 2 2 and w 1 w 2 , and substituting in the last identity we obtain
and solving for y,
Finally, substituting the value of x we arrive at the expression given in the statement of the proposition.
Remark 3.3. The condition that two of the functions a i are identically zero is equivalent to saying that one of them vanishes at some point. Suppose that a 3 (t 0 ) = 0 at some t 0 ∈ (0, 1), then equations (3.1)-(3.3) imply that one of the other two has to vanish at t 0 too. If a 3 (t 0 ) = a 2 (t 0 ) = 0, the ASD equations imply that necessarily a 3 = a 2 = 0 at all points. In other words, there are two possibilities: there are two of the a i 's that are identically zero, or a 1 (t)a 2 (t)a 3 (t) = 0 for all t. On the other hand, given that two of the a i 's are null it is easy to find the third of them. For example, if a 2 = a 3 = 0 then
Example 3.4. For the obvious solution a 1 = a 2 = a 3 = 1 we obtain
which is one of Hitchin's octahedral solutions (Poncelet polygon with k = 3, with a different parametrization). In this case θ = 1, therefore the parameters of the Painlevé equation are
8 . Example 3.5. For the Hopf bundle the ASD connection is given by
Substituting in (3.7) we find
In this example the parameters of the Painlevé equation are where (r, θ) are polar coordinates in the normal plane to S, and a ∈ [0, 1/2] is the "holonomy parameter". The limit of the holonomy for shrinking circles around S is then given by exp 2πi −a 0 0 a .
When a = 0 the asymptotic holonomy is trivial and, for an appropriate definition of the lower order terms, the connection is defined on all of M . This is the definition given in [13] . When a = 1/2 the holonomy goes to −1 and it is trivial if we look at the associated SO 3 bundle. The limit holonomies for a = 1/2 + and a = 1/2 − are conjugate to each other, and therefore equivalent. Equivariant vector bundles on S 4 for the action considered here are classified by a pair of integers congruent with 1 mod 4. These integers correspond to the weights of the stabiliser of each orbit [3, 4, 22] . For the existence of ASD connections (without any singularity) the weight of RP + has to be equal to one. Let us denote by E n the equivariant vector bundle whose weights are n on RP − and 1 on RP + [5] .
We will consider ASD connections on S 4 , defined on E n , having holonomic singularities along both special orbits RP ± . Their existence is established in [22] and will be explained in the next section. For the moment we assume that they exist and we compute the parameters of the Painlevé equation related to them in terms of the holonomy parameter. We denote by D the ASD connection in order to avoid confusion with the flat connection ∇ defined from the action.
Lemma 4.1. Let (a 1 , a 2 , a 3 ) be a triplet defining an invariant ASD connection on E n → S 4 having holonomic singularities along RP ± with parameter a on RP − . Then, lim t→1 a 2 (t) = n + 4a.
Proof . Take a section g : U → SU 2 , on an open neighbourhood U of x − in RP − ∼ = SU 2 /Õ 2 , such that g(x − ) = id. Since N + = S 4 \ RP + is isomorphic to the vector bundle over RP − associated to the slice representation of O 2 , the above section gives an isomorphism
Since E n | RP − is the vector bundle associated to the representation of O 2 on E x − then E| U is trivial. On the other hand E| D is O 2 -equivariantly trivial, hence we have that E| U ×D is trivial. Taking a frame {s 1 , s 2 } for E on U × D given by the above trivialization (notice that necessarily Dċs i = 0), the connection 1-form Φ with respect to this frame has the behaviour (4.1). Let us take another frame {s 1 , s 2 } for E on U × (D \ [c([−1, 0])]) in the following way
where θ ∈ (−π, π) is such that e 1 4 θj · c(t) = y. With respect to this "equivariant" frame the connection 1-form restricted to Σ is
notice that the 1-forms σ 1 , σ 3 extend to the orbit of x − whereas dθ = 4σ 2 does not. Both connection 1-forms are related on
Λ being the change of frame matrix. It is easy to see that Λ(x, y) = e n 4 θj λ(x), where λ(x) is the matrix associated to the action of g(x) (in particular λ(x − ) = I). We then have Φ t = 1 4 (a 2 − n)jdθ + lower order terms, therefore lim t→1 a 2 (t) = 4a + n, since the singularity is holonomic. Remark moreover that a 1 and a 3 remain bounded as t → 0.
Using the conclusion of the preceding lemma we can establish the following theorem, which gives the family of P VI equations related to the family of instantons with holonomic singularities along RP + and RP − . Notice that the parameters α, β, γ, δ depend only on the holonomy around RP − and not on the holonomy around RP + ; if we consider self-dual instantons the converse is true. Theorem 4.2. Let (E n , D) be an invariant ASD instanton with holonomic singularity along the surfaces RP ± , having holonomic parameter a along RP − . Then, this instanton is determined by a solution to the Painlevé VI equation with parameters
Proof . Remember that
Taking limit when t → 1 in the above formula we obtain θ 2 = lim t→0 a 2 (t) 2 = (4a + n) 2 , since α 1,0 (1) = α 3,0 (1) = 0 and α 2,0 (1) 2 = −1/16.
Sadun's solutions
The existence of solutions to ASD equations (2.1) defining instantons with holonomic singularities was proved by Sadun in [22] . By imposing the condition of finite energy he proved that there are solutions with certain asymptotic behaviour (roughly speaking they are perturbations of regular instantons). For an invariant connection (a 1 , a 2 , a 3 ) the finite energy condition implies that the functions a i 's are well defined on all the interval (0, 1) and that the limits r + = lim t→0 a 1 (t), and
exist. Furthermore if r + = 1 then a 2 (0) = a 3 (0) = 0, and if r − = 1 then a 1 (1) = a 3 (1) = 0. For the connection to be ASD we must have |r + | ≤ 1 and if |r + | = 1 we also have the equality a 2 (0) = a 3 (0) but they are not necessarily zero. When the connection is ASD, if r + = 1 and r − ≡ 1 mod 4 it can be extended to a smooth connection on all of S 4 . Sadun's result is summarized in the following proposition.
Proposition 5.1 (Sadun) . For any pair of real numbers (c, r − ) such that r − ≥ 1, 0 ≤ c ≤ c 1 for some positive constant c 1 , there exists a finite energy solution (a 1 , a 2 , a 3 ) to equation (1.1) defined on (0, 1) with the following asymptotic behavior around t = 1:
Moreover, the limit r + = lim t→0 a 1 (t) exists and takes any value exactly once in the interval [0, 1]
when we vary c.
Instantons given by the above proposition have holonomic singularities around RP ± , and computing the asymptotic holonomy one obtains 4 ] (here we take a ∈ [0, 1)). The holonomy is trivial only when r ± ≡ 1 mod 4, which is the case when the connection is defined on all of S 4 .
Remark 5.2. On the complement of the singularities the vector bundles E n are all trivial, then in fact the connections of Proposition 5.1 are defined on the trivial vector bundle. Considering the connection with r − = n + 4a on E 1 is the same as considering those with r − = 4a on E n for n ≡ 1 mod 4.
Let us now look at the behaviour of the corresponding P VI solutions around the critical points. The critical singularities of P VI are situated at x = 0, 1, ∞ which correspond to t = −1, 0, 1 respectively (and 3, ∞, −3 since there is a two-to-one correspondence between x and t). Remark that the asymptotic behaviour of y around a critical point is then determined by the asymptotic behaviour of a 1 , a 2 , a 3 at t = −1, 0, 1, and viceversa. Remember that the resonant values of the parameters are those corresponding to θ ∈ Z. Proof . To be algebraic the solutions must have critical behaviour of algebraic type since the corresponding Painlevé equations are equivalent, via Okamoto transformation, to that of Dubrovin and Mazzoco. In particular they must satisfy lim x→∞ y(x) = ∞. But if t → 1 then x → ∞, and using the asymptotic behaviour of the functions a i 's given in Proposition 5.1 and the expression (3.7) we see that lim t→1 y(t) = 0 for θ > 1 and lim t→1 y(t) = −c 2 for θ = 1, hence they can not be algebraic. Certainly they are algebraic for instantons that can be extended through the singular orbits which correspond to the parameters with θ ∈ Z.
